This work studies the intersection of certain k-tuples of Garsia-Haiman Sn-modules Mµ. We recall that in [4] , for µ n, Mµ is defined as the linear span of all partial derivatives of a certain bihomogeneous polynomial ∆µ(X,Y ) in the variables x1,x2,...,xn, y1,y2,...,yn. It has been conjectured that Mµ has n! dimensions and that its bigraded Frobenius characteristic is given by a renormalized version of Macdonald's polynomials [2] . Computer data has suggested a precise presentation for certain irreducible representations of Frobenius characteristic S 2 k 1 j appearing in Mµ. This allows an explicit description of the intersection of Mν 's, as ν varies among immediate predecessors of a partition µ. We present here explicit results about the space ν→µ Mν and its Frobenius characteristic, as well as a conjecture for the general form of this intersection. We give an explicit proof for hook shapes.
Introduction
Given a partition µ = (µ 1 ≥ µ 2 ≥ · · · ≥ µ k > 0), the set of cells
as customary, will be called a Ferrers diagram. It will be convenient to use the symbol µ for the partition as well as its Ferrers diagram. As customary, we let
(1.1)
The pairs (i, j) are briefly referred to as the biexponents of µ, hence for the biexponents are (0, 0), (1, 0), (2, 0), (0, 1) and (1, 1) . More generally, a collection α ⊂ N +
×N
+ of distinct lattice cells will be briefly referred to as a lattice diagram, or simply diagram. The size |α| of α is the number of cells of α. Now let (p 1 , q 1 ), . . . , (p n , q n ) denote the set of cells of any diagram α, arranged in lexicographic order, and K = {k 1 , k 2 , . . . , k n } be a set of positive integers. We set The natural action of a permutation σ = (σ 1 , . . . , σ n ) on a polynomial P (X, Y ) is the so called diagonal action which is defined by setting σP (X, Y ) := P (x σ1 , . . . , x σn ; y σ1 , . . . , y σn ).
Since σ∆ µ = ±∆ µ according to the sign of σ, the space M µ necessarily remains invariant under this action. Note further that, since ∆ µ is bihomogeneous of degree n(µ ) in X and n(µ) in Y , we also have a direct sum decomposition
where H h,k M µ denotes the subspace of M µ spanned by its bihomogeneous elements of degree h in X and degree k in Y . Henceforth, an element of H h,k M µ is said to be of bidegree (h, k). Since the diagonal action clearly preserves this bidegree, each of the subspaces H h,k M µ is also S n -invariant. Thus we see that M µ has the structure of a bigraded module. The generating function of the characters of its bihomogeneous components, which we shall refer to as the bigraded character of M µ , may be written in the form
The bigraded Frobenius characteristic of M µ is
where χ µ (σ; q, t) denotes the value of χ µ (q, t) at σ and p λ(σ) (x) is the power symmetric function indexed by the shape of σ. We will take as a given "fact" throughout this writing, together with all the implications that this entails, that
which are, up to renormalization, essentially Macdonald's polynomials (see [6] ). This has been conjectured in [4] and supported by the work in [2] and [1] .
The purpose of this paper is to explore properties of intersections of modules M ν for partitions lying below a given partition µ of n + 1. More precisely, let us write ν → µ whenever µ can be obtained from ν by the addition of a corner. We write π(µ) for the set
For each A ⊆ π(µ), we consider the space
whose bigraded Frobenius characteristic has been conjectured (in [2] ) to be given by certain symmetric polynomials obtained from the Frobenius characteristic of the M ν 's ( H ν = F q,t (M ν ) according to (1.6)) as follows: It is interesting that although this conjecture is the result of extensive computer algebra experiments involving explicit computations with the S n -modules M µ , it has received support from many sources. We give here a new plethystic formula (see Proposition 3) for the Φ A introduced in (1.7) which implies that the coefficients of each Schur function in Φ A are polynomials in q and t, and we compute explicit expressions for some of those coefficients, mainly those that are linked with the above conjecture. We also show that for hook shapes, these coefficients are all positive integers. In all these instances, the resulting explicit formulas agree with our conjecture. In particular we prove that
and that for a = |A| ≤ 4
Supporting evidence and results
Let us start with an example. Using a computer algebra package (Maple) too carry through explicit computations, we compute the intersection
and observe that it is generated by all partial derivatives of the orbits of [4, 5] , and
To further simplify notation, for any two diagrams α and β such that |α| = a, |β| = b, a + b = n, and α ⊆ β, let us set
With this convention in mind, verify that the orbits of ∆ 
We introduce for any two diagrams α and β, such that |α| = a and |β| = b, with a + b = n, the S n -module
and the S n -module
that is the set of all partial derivatives of all
Using an argument on tensor product of representations, one can show that for any partitions α k and β n − k, the S n -module V αβ , has Frobenius characteristic
where
In order to prove that ∆ αβ is in M ν for a given partition ν, we have to exhibit a partial differential operator Γ ν αβ such that
The following table gives example of such operators (up to a non zero constant). Table 1 The cases (with µ n ≤ 6) not included in 
for some non zero constant c. f (∂x 1 , . . . , ∂x k ) g(∂x k+1 , . . . , ∂x n ) ∆ (n) (X) is antisymmetric with respect to both sets of variables x 1 , . . . , x k and x k+1 , . . . , x n , hence the first assertion follows from the fact that every antisymmetric polynomial is divisible by the Vandermonde determinant. The second assertion is easily verified by considering the effect of m λ (∂x 1 , . . . , ∂x k ) on the "leading" monomial x
Proof: It is clear that
The following proposition, that can be found in [1] , implies that any diagonally symmetric operator sends ∆ α to a linear combination of ∆ β 's, where β can be obtained from α by a sequence of moves of cells of α downward or leftward. 
This is clearly consistent with our conjecture.
Frobenius Characteristic of the Intersections
In other to give support to conjecture 1, we recall conjectures of the first author and Garsia (see [2] ) implying the following explicit expression for the Frobenius characteristic of the intersection of modules M ν for ν ∈ A, where A is a fixed subset of π(µ) (µ n + 1), as a function of the Frobenius characteristic of each M ν :
Implicit in (3.1) is the use of assumption (1.6).
We can then express Φ A in term of Schur functions:
using (3.1) and tables of expression for the H µ 's
where the K λµ (q, t) are renormalized q, t-Kostka polynomials. Using these expressions, together with the observations of the previous section, we deduce explicit descriptions of the maximal degree elements of the intersections considered.
Let us now denote Ψ A the maximal degree component, in q and t, of Φ A . We intend to verify that in many instances this maximal degree component, when expressed in term of Schur functions, involves only partitions of the form 2 j 1 n−2j .
Let us rewrite (3.1) as
where Ω (ν)
As a tool for the following computations, we introduce
We use Lagrange interpolation formula stating that for any polynomial P (x), we have
together with plethystic formulas for the q, t-Kostka polynomials, to give explicit expressions for the coefficient Φ A,λ of the expression of Φ A in term of Schur functions
Recall from [5] that for all γ k, there exists symmetric function k γ , with coefficients in Z(q, t) and of degree at most k, such that
namely the linear and multiplicative extension of the substitution defined on power sums as
The k γ are explicitly computed in [5] , for instance
In order to give a formula for these k γ 's, we introduce an operator ∇ on symmetric functions in the following manner. Observe that the H µ 's form a basis of symmetric functions, hence we can define ∇ by its effect on this basis as
Using this operator, we have the following expression due to G. Tesler
where we again use λ-substitution notation, with
Observe that x is invertible modulo Ω A (x), since Ω(0) = 1. Using a symmetry of the K µλ (q, t), namely
we can reformulate (3.5) as
. This shows that Proposition 3. For A ⊆ π(µ) (µ a fixed partition of n + 1), and any partition of n,
where γ (resp. θ) is the partition obtained by removing from λ (resp. λ ) its largest part.
We are now ready to compute some Φ A,λ 's. To this end, we first observe that
Now, using (3.2), we have
where 1 + stands for some non empty sequence of 1's. We obtain
and (3.8) gives In a similar manner, we get
(3.10)
as well as Φ A,2 3 
when |A| = 4.
Observe that in all those cases, the degree of the Φ A,2 j 1 + agrees with the expression given in conjecture 1 or is strictly lower. We can obtain another confirmation of this fact with the following observations.
In the case when λ is a hook, we can derive an expression for Φ A,λ from a result of Macdonald that can be reformulated as Proof: We first show that
To this end, we substitute (3.12) in (3.1) to obtain
using Lagrange interpolation to evaluate the sum in the last step.
It is easy to check (for instance, using Jacobi-Trudi's identity) that
thus the coefficient of (−u)
The result follows by taking the coefficient of (−u) r (1 − u) in the right hand side of (3.6).
Using (3.16), it is easy to see that
Corrolary 5. For any partition µ and any A ⊆ π(µ), we have
deg qt Φ A ≥ deg qt T ρ(A) . (3.17)
Conclusion
Our incentive in looking for an explicit description for the intersections considered here lies in the fact that it allows for a recursive approach to the so called n! conjecture, which states that dim(M µ ) = n!, whenever µ is a partition of the integer n.
It is noteworthy to observe that all our conjectures and results also hold when we consider A to be a set of successors of µ.
Many generalizations and extensions of this work are presently in progress, in particular for the characterization of the operators Γ ν αβ giving maximal elements of the intersection, and the study of intersections for the case of more general lattice diagrams.
Annex
Tables of Φ A , for A = π(µ), µ n ≤ 6:
• µ 3: 
